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1 2D Flow field
1 = Asin (kx) exp (—ly)

1.1 Sketch

> restart;
> with(plots):
Warning, the name changecoords has been redefined

> psi := (x,y)->A * sin(k*x) * exp(-1x*y);

(z,y) — sin (z) e %Y := (x,y) + sin (z) e 1Y
> A :=1;
k :=1;
1 :=0.4;
A:=1
k=1
l:=04

> plot3d(psi(x,y), x=-2*%Pi..2%Pi, y=-2%Pi..2*Pi);
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> with(plots):

Warning, the name changecoords has been redefined

> gradplot(psi(x,y), x=-2*Pi..2*Pi, y=-2%Pi..2*Pi);
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> contourplot(psi(x,y), x=-2%Pi..2%Pi, y=-2%Pi..2%Pi);
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1.2 Horizontal velocity

0
8—y1/1
0
P

1.3 Vorticity

= —Alsin(kz)exp(—ly) = u

= Akcos (kx)exp (—ly) =v

= —Ak?sin (kz) exp (—ly)

= —Al%sin (kz) exp (—ly)

¢ = (I - k% Asin (kz) exp (—ly)
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1.4 Streamfunction as a solution of a differential equation

D
D= uac )
D o @
HCVAC = 0 [C=@E =k (6)
g%ﬂ—k%¢—uA«F—k%m _ 0 (7)
@~ K (%—mw) S ®)
—— \ Dt
=0=[=+k
D
ZU—vAY = 0 9)
= (10)

Now it is too late for good brain work, but here is the effort before Xmas.
Use 1 as basic approach for (:

82
a7t = —Acos (kz)k® exp (—ly)
82
ot = Acos (kz)kl? exp (—ly)
82
WU = ASIH(kJU)kZleXp(_ly)
x
82
37 = — Asin (kz)13 exp (—ly)
N am2u+ a 2u —Acos (kx)k?® exp (—ly) + Acos (kx)kl® exp (—ly) \
P v+ 3y2v Asin (kz)k*lexp (=ly) — Asin (kx)lPexp (<ly) )~

Acos (kx) exp (—ly)k(—k% + 1?)
Asm kx) exp (—ly)l(k* — I1?)

0=y ( Acos (kx) exp (—ly)k(—k% + 1?) >
Dt B Asin (kx) exp (—Iy)l(k? — 1?)

Tree possibilites

272
y< k’;_*é >:0:>k2—l2:oz>k2212:>k:il

( Acos (kz) exp (—ly)k(—k* + [?) > -0
Asin (kz) exp (—ly)l(k* — 1?)
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< " ) — 0 (trivial)

2 Flow through a tube: Law of Hagen Poiseuille

Navier-Stokes equation for the z-direction yields:

2.1 Rearrange

0 0 v 0 0 10
Y +\Iﬁ-’§w+ - %w—kw@w = —Egp—H/Auﬁll)
~~ =0
=0 (steady state) =0 =0
10
10
10 ow 1 0%w  O*w
Aw = - (pEE) L g O 14
v ror <T8r> r28902+8z2 (14)
— 1 aﬂ + 827“] i@ + 8277"0 (15)
= r\or T2 r2 Op? 022
—— ~—~—

=0 axial-symmetric =0 no source

1) 1dp 1 (0w 0w
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2.2 Velocity profile
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—O0r
0 20v

const = ¢ (17)
1 0w 0w r
Vear Ve ' > (18)
ow Pw |, "
5 T2 from (15) to (14) (19)
0 ( ow "
—

integrate over r from 0 to r, that is unclean

[ 202 o
X O (22)
o \ o 2
ow / (24)

w(r)
/ ow (25)
w(0)
w(r) — w(0) (26)
w(r) ‘ boundary condition w(R) =0 (27)
0 (28)
cR?
o (29)
cr?  cR?
tor  dgv (30)
= R (1)
P2 ) (32)
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2.3 Mean flux

fo rdrdtp =
1 O 2 _
ma—i’f fo — R*) rdrdy =
1 Op 2 _
Zz;;g; 0 0 — R r<irdga
1 0p (27 (rt _ R%? —
Zov 9z Jo (4 -3 . de =
1 Op (27 (R4 R* _
Tov 9z Jo <T -5 )de=
1 9p r2r  R*
Twa:zJo —rdy
21

2.4 Derive of the mean velocity

g
Il
|

_ R op
8ov 0z

R27
R? 0p
8ov 0z

3 Shallow water system
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3.1 Pressure gradient force

dp
dz
dp =
dp =

)
p(h) — p(0) =
p(0) =

/P(h
p(0)
) _

p(0) =05
01
1

—Px -
01

3.2 Non-dimensional

U + Uty + vu, — fv =
Vg + uvg + vy + fu =
hi +uhg +vhy + hugy +hvy, = 0 (

—09
—0gdz

h
/ —019dz
0

—ng(h - 0)
—o1gh—  p(h)

~—
(Ho—h)o29+po
019h + (Ho — h)p29 + po
019h — 029h + 029Ho + po
gh(o1 — 02) + 029Ho + po

—0

gh(o1 — 02)

gth — 02
01

gh

g ha

—g*hy (33)
—g"hy (34)
35)
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u = uU
Uy = ﬁ~g
T - J}L
_ ;U
Uy = “yL
U2
uy = 'ﬂ/i‘f
v = oV =oU
Vp = 17~K—27~g
v U
Uy = /Ugf:vgz
h = hH
-~ H
hy = hz;—
L
- H
hy = h;—
Y ?JL
-~ HU
he = h; 17
U fL
Ry = —=Ry7=—=1
0 LU

(33) = us + uug + vuy — fo
U2 U U
ﬂ{f + ﬂUﬂjf + @Uﬂgz — foU
fL .
I3 Ro U f?)U

Ry (ﬂ{U +aUuz + @Uﬂg) — RoLfv
RyU (ﬁg + uugz + ’Dﬂg) —Uv

Ro (’LNL{ + aaj + ’Dﬂg) — v
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(34) = v +uvy +vvy + fu = —ghy
fL/ur U U fL . . H_ fL
Ry (O + WUt +0UTs 7 | + Ro il = —g*hy 7 Ro’ ‘ f
- e arre . e H U
Ro (87U + WUt +0Uy) + RoLfa = —g'hzRo7; ‘Ro =
~ H
RoU (T + s +005) + Uit = —g"hyRoT v
H -
Ry (07 + uvz + 005) + 0 = _g*ﬁ Rohg
——
=3
(35) = h¢ + uhy + vhy + hug + hvy, = 0
~-HU - H - H - U - U HU
th—l-uUhjf—i-UUhgf-f—hHung—l—hH?)gZ =0 : T
h; + uhz + vhg + huz + hvg = 0
3.3 Dimensionless parameter
Why you use “3” as a parameter? For me is “J” reserved for “it exists”.
From (3.2):
«H
3.4 R, oft the observed motions
U
Ry — —
0 7L
High and Lows Ry = ﬁ = 0.1 Coriolis effect plays the major rule
Hurricanes Ry = ﬁ = 1 % and coriolis effect are equated
Tornados Ry = 10,12%103 = 1000 % plays the major rule

3.5 d for high and lows

32—9*£=—g*£: m 102m

0?2 72~V eper =7
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